The Trefftz method reduces the original spectral boundary problem to computation of integrals (3.21) and solving the spectral matrix problem (3.20). The integrands in eqs. (3.21) may behave as (τ − τ end ) α−1 , 1 < α < 2 at the interval ends caused by the first-order derivatives of φ ′ i . This requires special quadrature rules. We employ the sinc quadrature formula (Stenger 1983, p. 160, eq. (4.2.37) with conditions (4.2.36)), providing an exponential convergence.
} is already complete set of harmonic functions in domain Q ′ 0 , without additional functions φ ′ j (y ′ , z ′ ) (see, theorems on the completeness by Vekua (1953 Vekua ( , 1967 for the so-called star-shaped [relative to the origin O ′ ] domains). This means that solely using the harmonic polynomials should theoretically provide a convergence to the natural sloshing modes in a mean square-root metrics on Σ ′ 0 and, therefore, the infinite functional set {Φ ′ i } is overdetermined so that, formally, there exists a nonunique representation of ϕ ′ i . However, bearing in mind that this mathematical conflict occurs only for q 1 = ∞, namely, with infinite number of the harmonic polynomials W ′ k (y ′ , z ′ ), but q 1 and q 2 are, in practice, finite, and q 2 is not very large, the use of representation (3.22) does not lead to the mentioned nonuniqueness.
The coordinate functions {Φ ′ i } are not orthogonal on Σ ′ 0 . This means that the Gramian matrix B may be ill-posed and/or ill-conditioned. To avoid the corresponding numerical problems, the Gram-Schmidt orthogonalization of Φ ′ i is implemented for each finite set of the used trial functions.
A.1. Results on the natural sloshing frequencies (eigenvaluesκ i )
The Trefftz solution exactly satisfies the Laplace equation and the zero-Neumann boundary condition of eq. (2.5), thus, only the spectral boundary condition should be approximated. This approximation is expected in the mean square-root metrics
assuming ǫ i → 0 with increasing q 1 and q 2 in representation (3.22). This means, that the method provides convergence to integral characteristics over the approximate eigenfunctions. Bearing in mind the Rayleigh quotient which computes the eigenvaluesκ i by using integrals over ϕ i , an indication of the numerical convergence can also be a stabilization of the significant figures inκ i with increasing q 1 and q 2 in representation (3.22). This stabilization is shown in Tables 1-4 for different liquid depths.
For the lower liquid depths, 0 <h 0.8, the natural sloshing modes ϕ Table 2 . Convergence of the Trefftz method based on the harmonic polynomials in representation (3.22). Increasing q1 is stopped after the six significant figures of the eight eigenvaluesκi are stabilized. Larger dimensions q1 do not affect the stabilized six significant figures. Calculation with q1 > 70 may become unstable due to the ill-conditioned matrix A (within the framework of our double-precision FORTRAN-code using 16 digits).
the order of the maximum mean square-root error, ǫ = max i=1,...,8 |ǫ i |, becomes 10 −6 with increasing q 1 to 30. For 0.6 h 0.8, the same maximum mean square-root error can be achieved with a lower dimension q 1 by using singular trial functions in representation (3.22). For the middle liquid depths, 0.8 h 1.25, the Trefftz method gives satisfactory results on the eigenvalues by employing the harmonic polynomials. Table 2 illustrates typical convergence (for the half-filled circular tank,h = 1). Comparing this table with results in Table 1 shows that the middle liquid depths require a larger number of the harmonic polynomials to stabilize the same six significant figures ofκ i . The order of the mean square-root errors varies from 10 −4 to 10 −3 with q 1 = 70. When q 1 > 70, computations require special care of the matrix A in eq. (3.20) which becomes ill-conditioned within the framework of our double-precision FORTRAN-code with 16 digits accuracy.
Accounting for two-three singular trial functions in representation (3.22) can significantly improve convergence for the middle liquid depths. The numerical eigenvalues are then in ideal agreement with those by McIver (1989) . We illustrate this fact in Table 3 forh = 1.2 by comparing convergence of the Trefftz method based on the harmonic polynomials (strategy (a)) and using, in addition, several singular trial harmonic functions (strategy (b), q 2 = 2 in our calculations). Case (a) in Table 3 exhibits the convergence similar to that in Table 2 forh = 1. The order of the mean square-root errors with q 1 = 50 varies from 10 −3 forκ 1 to 10 −1 forκ 8 . Increasing q 1 does not change the stabilized significant figures and the mean square-root errors; the calculations become unstable with q 1 > 60. Strategy (b) in this table provides stabilization of the six significant figures with q 1 = 10 and q 2 = 2. The order of the mean square-root error with q 1 = 50 and q 2 = 2 is then 10 −6 forκ 1 and 10 −4 forκ 8 . Strategy (c) in Table 3 assumes that we do not know how many singular trial functions are needed, and simply postulate q 1 = q 2 = q in representation (3.22). unstable without adding a sufficient number of singular trial functions. Strategy (b) from Table 3 with 2 q 2 3 is generally applicable, but only for 1.25 h 1.6. When increasing the liquid depth, one must add more and more singular trial functions for each new larger depth. The required number of these trial functions is a priori unknown and, therefore, numerical experiments with q 2 are needed. A way to avoid these experiments consists of using strategy (c) from Table 3 implying q = q 1 = q 2 . The typical numerical result on convergence to the eight lower eigenvalues is demonstrated in Table 4 . Typical convergence of the Trefftz method for 1.25 <h < 1.95 based on representation (3.22) with q = q1 = q2. The calculations are stopped after stabilizing the six significant figures ofκi. The method needs special care of the ill-conditioned matrix A for q > 12 (within the framework of our double-precision FORTRAN-code using 16 digits).
A.2. Uniform approximation of the natural sloshing modes
We consider convergence to the natural sloshing modes in the uniform metrics
For the lower liquid depths, 0 <h 0.8, calculations based on the harmonic polynomials provide a fast practical convergence of the Trefftz solution (3.22) to the natural sloshing modes, ϕ i , in both mean square-root, ǫ i , and uniform, χ i , metrics. The approximate modes are then characterized by a clearly dominant contribution of the W i -function to the ϕ i -mode, i.e. |c i | ≫ |c j |, j = i.
Situation changes for the middle liquid depths, 0.8 h 1.25, when the Trefftz solu- Table 2 ;h = 1.2. The dotted line presents the error-functions for the Trefftz solution based on the harmonic polynomials (q1 = 50). The solid line shows the error-functions for the case q1 = 50 and q2 = 2 in representation (3.22). The uniform error of the order 10 −3 is detected for the eight mode (χ8), it can be hardly seen in the figure. The uniform error for the lowest mode, (χ1), is of the order 10 −5 .
tion based on the harmonic polynomials demonstrates convergence in the mean squareroot metrics ǫ i (see, previous section), but not in the χ i -metrics. Convergence in the uniform metrics is provided by employing a number of singular trial functions in representation (3.22) . This fact is demonstrated in figure 1 showing the error-functions χ i (y) for the studied eight approximate eigenfunctions withh = 1.2. The dotted line presents χ i (y) for the approximate natural modes based on the harmonic polynomials, but the solid line corresponds to χ i (y) for the Trefftz solution employing the singular trial functions φ ′ j (q 2 = 2 in representation (3.22)). The uniform convergence can also be achieved for the larger liquid depths, 1.25 h 1.95, by using strategy (c) in Table 4 with q = q 1 = q 2 in representation (3.22). However, the approximations are less precise. For instance, the caseh = 1.8 in Table 4 establishes the order of the uniform error from 10 −4 forχ 1 to 10 −2 forχ 8 .
A.3. Final comments
The Trefftz method is an efficient tool for getting approximate natural sloshing modes being adopted in the multimodal method (see, constraints I, II and III in Introduction). A requirement is specific sets of trial functions constructed in the present paper. Numerical experiments show very good consistency with benchmark numerical results by McIver (1989) for the natural sloshing frequencies. We demonstrate a uniform convergence of the Trefftz to the natural sloshing modes. We also conduced numerical tests for the passage 1.95 <h → 2. Using q = q 1 = q 2 in representation (3.22), the corresponding computations demonstrated an accurate approximation of two-three lowest eigenvalues for 1.95 <h 1.99. However, these computations are generally unstable for largerh. A reason is that the natural sloshing modes of the ice-fishing problem should exponentially decay from the mean free surface to the bottom, but the used trial functions do not capture this behavior. Additional trial functions accounting for this decay should be constructed.
